Exchange distortion and spin Jahn- Teller effect for triangular and tetrahedral spin 

clusters of spin-1/2 
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We study the effects of magneto-elastic coupling on the degenerate ground state of the antiferro- 
magnetic Heisenberg model on regular triangle and tetrahedron clusters of spin-1/2. Both give very 
similar results. Static distortion lifts the degeneracy of the ground state through the distance de- 
pendence of the exchange coupling. On the contrary, quantum-mechanical or dynamical distortion 
does not. The tetragonal distortion at the non- magnetic phase transition of spinels is discussed. 
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The highly degenerate antiferromagnetic (AF) ground 
state of the pyrochlore lattice is very interesting. Re- 
duction of the degeneracy through the distance depen- 
dence of exchange coupling was investigated before by 
Terao P, with classical spins. Detailed investigations 
into the spin Jahn- Teller effect were given for tetramer 
models with classical spin and quantum spin-1/2 by Tch- 
ernyshyov et al. 0, Q and by Yamashita and Ueda |5l| , 
respectively, on the basis of static distortion models. Re- 
cently, quantum-mechanical treatment of distortion was 
given by the present authors 0, . 

In the present paper, quantum-mechanical considera- 
tion is given to the effects of distortion upon the degener- 
ate ground spin-states of the AF Heisenberg Hamiltonian 
of spin-1/2 on the regular triangle and tetrahedron clus- 
ters. 

The Hamiltonian for the regular cluster is TLq — 
— 2JoX]f<f'*^ • St, where Jo < and s — 1/2. The AF 
ground states of the triangle and tetrahedron clusters 
conform to the doublet E' and E representations for the 
Dsh and Td point groups, respectively. The eigenvalue 
equations are 7Yo|E'i>= (3/2) Jo|E'i >, i = 1,2, with 
the total spin S = 1/2 for the triangle, and 7io|Ery>= 
3 Jo I E?7>, 77 = u, V, with S = for the tetrahedron. We 
put aside the Kramers degeneracy. The spin correlations 
<si ■ S£i> in these states are shown in Figs. and |21 by 
the numerals by the bonds. The distortions for the 
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FIG. 2; Displacement (arrows) and spin correlations (numer- 
als). 



into A[, E' {Qi, Q2, their normal coordinates) modes 
by Dah group and into Ai, T2, E [Qm Qv) modes by Td 
group. The E and E' modes are illustrated in Figs.^and 
12 by the arrows. The perturbation Hamiltonians by the 
E and E' modes for the triangle and the tetrahedron are 



H'e' =(Pi' + P2^)/2m + mujE'^iQi^ 
~2J^,iQJ,+Q2h), 



')/2 



and 



■H'e + Pv')/2to + mt^E'(Qu' + gv')/2 

- 2 j^(gu/u + Qv/v), 
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FIG. 1: Displacement (arrows) and spin correlations (numer- 
als). 

triangle and the tetrahedron are, respectively, classified 



where /q,'s are the bases for the irreducible representa- 
tions made from ■ sii^s and J^'s are the drivatives of J 
with respect to distortion. For the E and E' representa- 
tions, (/i, /2) = ((Si -82-83 •Si)/\/2, (Si -52-252 -33 + 

S3-si)/\/6), and (/u, /v) = ([(si + 52) • (sa + S4) - 2(si - 
82 + 83- S4)]/\/l2, {81 — 82) ■ (53 — S4)/2). In the subspace 
of the ground spin-states, (/i, /2) = \/6/4(cra;, az) for 
the triangle and (/u, /v) = — \/3/2 (ctz, cr^) for the tetra- 
hedron, where CTz and ax are the Pauli matrices. Note 
that fa's for the T2 representation for the tetrahedron 
vanish and T2 x E is reduced to Ti + T2, hence the T2 
representation terms are irrelevant. 

The static displacement splits the energies for the tri- 
angle and for the tetrahedron, respectively, as 



Q2^ and T VSJ^ 



(3) 
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Minimizing the energies, the changes in energies are es- 
timated as 



5E' ^ 



for the triangle, and 



at 



5E' = 



at \/ Q 



2 mcjE'^ 



(4) 



(5) 



for the tetrahedron. 

We consider the dynamical displacement by represent- 
ing Qa by phonon operators, 6jj and ha- The r.h.s. of 
Eqs. (Q) and lO arc rewritten as X]a[^a(^Q^a + 1/2) — 
yJh/2muJaJ' a{ha + Wc dcfinc modified operators 

ba^ba- V^J'afa/y^mhhjl, then 

H' = V [;ic^„(6l6„ + l/2)-24VaM^a']. (6) 

Commutators of the modified operators are [60,6]^] = 
1 and [^ajfea] = [^L^a] = 0; SO 5q, are the Boson 
operators. Although the excited states is complicated 
because of the commutation relations, 

^2^/3J4 



[h,bl] = [61,62] = [bill] = '^^-^E' S3 ■ (Si X 52), 



(7) 



{(si - S2) • (S3 X S4) + (S3 - S4) • (si X S2)}, (8) 

the ground state with respect to ba is defined as ba \ r7 >o 
= 0. In the subspace of the modified ground spin-states 

|r7>o, 



n' = Y - '2.J'afa^/mojJ + nwa/2, 

^ — ^ a. 



(9) 



where fa^ 's are proportional to the unit matrix because 
the Pauli matrices are squared, then, the degeneracy is 
not lifted. The changes in energy 5E' for the triangle and 
the tetrahedron are, apart from hwa/'2., — 3 Jg,^/2TOa;|, 
and SJ^'^/muj'^, respectively, which are twice that by 
the static model, Eqs. Q and (0). 

In the subspace of the modified ground spin-states. 



(Qi, Q2) = 

for the triangle and 

{Qui Qv^ 



^J'^.jmujl, (a,, fT,), (10) 



-\/iJ'-^lmuj^ [ur,, a,j,) (11) 



for the tetrahedron. The expected values of Q\ and Qv 
vanish by Ox-, and their fluctuations are estimated at 

< E'ilQi^lE'i >o= 3Je'V2toW^ + ft/2mwE' (12) 



with i=l, 2 for the triangle and 



<E7/|Qv^|E77>o-= BJ^Vti^^e" + V2ma;E, 



(13) 



with ?7 = u, v for the tetrahedron. Because the signs of 
the expected values of Qi and Qu depend on the spin- 
states by (7^ in Eqs. H10() and l|ll() . the clusters distort into 
different shapes depending on the spin-states although 
they remain degenerate. The expected values of the 
squared displacement Q\ + Q\ and Q\ -I- Q\ are, respec- 
tively, 3 Jg, /m^cjg,+fi./TOti;E' and 6Jg /m?ijj-^'^+h/mu)-E, 
which are twice that by the static model due to quantum 
fluctuation, apart from the zero-point term. Then, the 
change in energy by the dynamical model is twice that by 
static model by the virial theorem. On the other hand, 
the sum of squared expectation values is equal to that by 
the static model, Eqs. (QJ and ©. 

Let us consider about a mechanism for the tetragonal 
distortion at the phase transition without AF ordering 
in vanadium and nickel spinels with spin-1 0, Il0l |. 
Yamashita and Ueda 5j have considered the mechanism 
by breaking up the tetrahedron of spin-1 composing py- 
rochlore structure into the tetramer of spin-1/2. They 
have explained the distortion as a result of the spin driven 
Jahn- Teller effect. By the present dynamical model, the 
distortion of Qu component emerges because Qv compo- 
nent is smeared out by the quantum-mechanical fluctu- 
ation. The tetragonal distortion at the structural phase 
transition implies the occurrence of hidden ordering of 
the nonmagnetic spin-state |E?7>o, 77 = u or v, because 
< E?7|(5u|E77>o for 77 = u or v has opposite sign to each 
other. 
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